We propose an idea for probing spin states of two coupled quantum dots (CQD), by the dc Josephson current flowing through them. This theory requires weak coupling between CQD and electrodes, but allows arbitrary inter-dot tunnel coupling, intra-and inter-dot Coulomb interactions. We find that the Coulomb blockade peaks exhibit a non-monotonous dependence on the Zeeman splitting of CQD, which can be understood in terms of the Andreev bound states. More importantly, the supercurrent in the Coulomb blockade valleys may provide the information of the spin states of CQD: for CQD with total electron number N=1,3 (odd), the supercurrent will reverse its sign if CQD becomes a magnetic molecule; for CQD with N=2 (even), the supercurrent will decrease sharply around the transition between the spin singlet and triplet ground states of CQD.
Coupled quantum dots (CQD) fabricated in semiconductors, or so called "artificial molecule", is an ideal quantum system for the study of coherent transport. Each quantum dot (QD) contains discrete energy levels (quantized due to spacial confinement), which can be tuned independently by the gate voltages. The coupling between the dots is also adjustable, resulting in either "ionic molecule" for weak coupling or "covalent molecule" for strong coupling. The electron-electron interactions play an essential role in the transport properties of CQD, due to that the electrons are added to the molecule one by one, and the conductance exhibits Coulomb blockade oscillations. Such appealing system has attracted a lot of experimental and theoretical attentions, such as the observations of Coulomb blockade in double or triple quantum dots [1] [2] [3] [4] ; the measurement of microwave spectroscopy of a quantum dot molecule and the comparison with the time dependent theory [5] [6] [7] ; the analysis of the additional spectra of CQD in the magnetic field by using single electron capacitance spectroscopy [8] ; the investigations of electronic correlations and Kondo effect in CQD by two impurity Anderson model [9, 10] , and much more.
Nevertheless, the spin -dependent transport through CQD are less addressed [11, 12] . For a single QD, it was proposed recently that QD in the Coulomb blockade regime may act as an efficient spin filter in the presence of magnetic field [13] . For coupled double QDs, the spin related physics is even more rich. Consider CQD filled with two excess electrons, each dot occupied by one of them because of the large on-site Coulomb repulsion. CQD in this case may have four spin configurations: |1 ↑ 2 ↑ , |1 ↓ 2 ↓ , |1 ↑ 2 ↓ , |1 ↓ 2 ↑ , as shown in the lower part of Fig.1 . Due to the inter-dot tunneling processes, |1 ↑ 2 ↓ and |1 ↓ 2 ↑ form a spin singlet state with lower energy. In the presence of magnetic field, however, the Zeeman energy may overwhelm the singlet binding energy, and |1 ↑ 2 ↑ or |1 ↓ 2 ↓ becomes energetically favorable. Thus, CQD may have either a magnetic or a non-magnetic ground state, depending on the external magnetic field. The remaining problem is how to detect these states of CQD. We propose that by attaching CQD to two superconductors (S), spin states of CQD can be probed by measuring the dc Josephson current. The idea is illustrated in the upper part of Fig.1 , and hereafter the system is referred to as S-CQD-S. It is well known that the dc Josephson current is sensitive to the spin polarization of the weak link area of the junction. For the Josephson junction coupled by an Anderson impurity (or S-QD-S heterostructure), theories show that the critical current will reverse its sign if the impurity (or QD) is singly occupied and therefore becomes a magnetic dot [14] [15] [16] . Recent experiment also reported the observation of the π-junction transition, in a Josephson junction consisting of superconducting banks and a weakly ferromagnetic interlayer [17] .
Motivated by the above facts and ideas, we will investigate the supercurrent flowing through S-CQD-S system. Different from some of the previous works, e.g. [18] , we take U ∼ ∆ rather than U ≫ ∆, so that the Andreev reflection (AR) process [19, 20] and the Coulomb blockade (CB) effect may "combine" with each other (U is the constant of the intra-dot Coulomb interaction, ∆ is the gap of the superconducting electrodes, and the choice of U ∼ ∆ is physically reasonable). In the calculation, we take into account not only intra-dot but also inter-dot Coulomb interactions, both of which are found to be important in the fitting of the experimental data [4] .
The suggested S-CQD-S system can be described by the following Hamiltonian,
in which
is for the CQD, modelled by two impurities coupled by inter-dot interaction and interdot tunneling (n iσ ≡ c † iσ c iσ is the particle number operator); H L and H R are standard BCS Hamiltonians for the s-wave superconducting electrodes, with superconducting phases φ L = φ/2 and φ R = −φ/2, respectively [21] ; and H T is tunneling Hamiltonian , connecting the three parts together.
We begin with the study of the eigen states of isolated CQD. Notice that H DD can be exactly diagonalized in the particle number representation, i.e., in the set of 16 bases
. Due to the conservation of particle number and the conservation of spin in H DD , the 16×16 space can be divided into several sub-spaces,
We have special interest in the N=2 sub-space, in which H DD is expressed as
For the case of identical dots [23] ,
, |a − and |b − are the two new states perturbed from |α − and |β − . |1 ↑ 2 ↑ , |1 ↓ 2 ↓ and |α + are corresponding to the S=1 triplet states with m=1,-1,0; while |α − is the S=0 singlet state, with a binding Next, we turn on the weak coupling between S electrodes and CQD. "Weak coupling"
means that the supercurrent flowing through CQD only serves as a probe to provide the information of CQD, without disturbing the quantum states there. To include the tunneling between the two dots and the physics of AR, a 4×4 representation is introduced,
Notice that the retarded Green function of the isolated CQD (g r ) can be constructed exactly by the Lehmann spectral representation,
in which n or m runs over the 16 eigenstates of H DD , and A or B denotes c iσ or c † iσ . We assume that the full Green function of S-CQD-S (G r ) can be derived by the following
in which Σ r is the self-energy caused by the coupling between S electrodes and CQD. Σ r is obtained as
ρ(ω) ≡ ω + i0
and Γ L/R is the coupling strength between left / right electrode and CQD. Then the dc
Josephson current flowing through S-CQD-S is obtained by the Green function technique as
and f (ω) = 1/(e βω + 1) is the Fermi distribution function. det[(g r ) −1 −Σ r ] in the denominator has several real roots (with infinitesimal imaginary part -i0 + ) within the range of |ω| < ∆, corresponding to the Andreev bound states (ABS) in the S-CQD-S system. To avoid the divergence around these singularities, we adapt the integral path to a V-shaped contour shown in the middle inset of Fig.2 [25] , as a result This project was supported by NSFC under Grant No. 10074001. * To whom correspondence should be addressed. 
